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Motivation: Covering Numbers of Groups
Let G be a group.

Easy exercise: G is not the union of two proper subgroups.

There do exist groups that are the union of three or more proper subgroups.
▶ C2 × C2 is the union of its three proper nontrivial subgroups.
▶ Scorza (1926): G is a union of three proper subgroups if and only if C2 × C2 is

a quotient group of G .

A cover is a collection H of proper subgroups of G whose union is all of G :

G =
⋃

H∈H

H

The covering number of G is the minimum number of subgroups necessary to
cover G .

σ(G) = covering number of G .
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Easy Observations and General Questions
Easy Exercises

G is coverable if and only if G is non-cyclic.

If G is coverable, then σ(G) ≥ 3.

If N is a normal subgroup of G , then σ(G) ≤ σ(G/N).

Two Types of Questions
1. Given G , what is σ(G)?

Known Answers: Covering numbers are known for: solvable groups; Sn with n odd;
many linear groups; various sporadic simple groups

2. Given n ∈ N, can we find a group G such that σ(G) = n?
Known Answers:

▶ J. Cohn (1994): pd + 1 always occurs as a covering number (pd = prime power)
▶ M. Tomkinson (1997): If G is a (noncyclic) solvable group, then σ(G) = pd + 1
▶ M. Tomkinson (1997): There is no group G such that σ(G) = 7.
▶ A. Detomi, A. Lucchini (2008): There is no group G such that σ(G) = 11.
▶ M. Garonzi, L.-C. Kappe, E. Swartz (2020): Classified all integers 2 ≤ n ≤ 129

that occur as covering numbers of groups.
(Not cov. #: 2, 7, 11, 19, 22, 25, 27, 34, 35, 37, 39, 41, 43, 45, 47, 49, 51, 52, 53, 55, 56, 58, 59, 61, 66, 69, 70, 75, 76, 77, 78, 79, 81,

83, 87, 88, 89, 91, 93, 94, 95, 96, 97, 99, 100, 101, 103, 105, 106, 107, 109, 111, 112, 113, 115, 116, 117, 118, 119, 120, 123, 124, 125)
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What about Covering Numbers for Rings?
Let R be a ring.

A cover of R is a collection C of proper subrings of R whose union is all of R:

R =
⋃
S∈C

S

R is coverable if and only if a cover exists.
The covering number of R is the minimum number of subrings necessary to
cover R.
σ(R) = covering number of R.
Subring = group under addition, closed under multiplication
Neither R nor its subrings are assumed to have unity.
Even if R is unital, we will not assume that subrings are unital.

Questions to consider:

▶ Which rings are coverable?
▶ Given R, what is σ(R)?
▶ Given n ∈ N, can we find a ring R such that σ(R) = n?
▶ Does there exist n ∈ N such that no ring has covering number n?
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Coverable Rings, Singly Generated Rings

Definition
A ring R is singly generated if it can be generated (as a ring) by a single element.

Examples/Non-examples:
Z is singly generated (1 is a generator)
Any finite field is singly generated (generator of unit group generates the entire field)
Any infinite field is not singly generated
Any noncommutative ring is not singly generated

In terms of covers: R is coverable if and only if it is not singly generated

Lemma (O.-W. 2022)
Let D be a commutative integral domain (possibly without unity).
Then, D is singly generated if and only if one of the following holds:

1. D is a finite field
2. D ∼= xFp[x ] = {xf (x) : f (x) ∈ Fp[x ]} for some prime p
3. D ∼= αZ[α] = {αf (α) : f (x) ∈ Z[x ]} for some α ∈ C
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Rings with a Finite Cover
Let R be a coverable ring such that σ(R) is finite.

(E. Swartz-W. 2021+): If R does not have unity, then there exists a unital
ring R ′ such that σ(R) = σ(R ′). Thus, it suffices to consider rings with unity.

(B. H. Neumann (1954), J. Lewin (1967)): There exists a two-sided ideal I
of R such that σ(R) = σ(R/I). Thus, it suffices to consider finite rings with
unity.

Theorem (E. Swartz-W. 2021+)
1. Assume that R is ring with unity and σ(R) is finite.

Then, R has a residue ring R/I such that
• σ(R) = σ(R/I)
• R/I is finite of characteristic p
• R/I falls into one of four (infinite) families, depending on whether it is

commutative/noncommutative, semisimple/not semisimple

2. Almost all positive integers are not the covering number of a ring.
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Countably Coverable Rings

Definition
A ring R is countably coverable if it is equal to a countable union of proper
subrings.

Example: Any countably infinite field is countably coverable, but is not
finitely coverable.

Questions:
▶ Which rings are countably coverable?

▶ Does there exist a ring that is coverable, but not countably coverable?

Back up a minute: What about groups?
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Countably Coverable Rings Groups

Proposition (O.-W. 2022 (already known?))
Let G be a noncyclic Abelian group. Then, G is countably coverable.

Ok... so is every noncyclic group countably coverable?
Answer: No!

Theorem (S. Shelah 1980)
There exists a group G of cardinality ℵ1 such that every proper subgroup of G is
countable.

Shelah’s group G cannot be countably coverable. If it were, then G would be a
countable union of countable sets, hence countable.

Proposition (O.-W. 2022)
Let G be Shelah’s group of cardinality ℵ1.
Then, the group ring Z[G ] is not countably coverable.
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Countably Coverable Rings Groups Rings

Proposition (O.-W. 2022 (already known?))
Let G be a noncyclic Abelian group. Then, G is countably coverable.

Ok... so is every noncyclic group countably coverable?
Answer: No!

Theorem (S. Shelah 1980)
There exists a group G of cardinality ℵ1 such that every proper subgroup of G is
countable.

Shelah’s group G cannot be countably coverable. If it were, then G would be a
countable union of countable sets, hence countable.

Example (O.-W. 2022)
Let G be Shelah’s group of cardinality ℵ1.
Then, the group algebra Z[G ] is coverable, but not countably coverable.
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Countably Coverable Rings Groups Rings Fields
From here, we will focus on commutative rings. First, let’s consider fields.

A finite field is not coverable.
Every infinite field is coverable.
Every countably infinite field is countably coverable.
What about uncountable fields? In particular, is R countably coverable?

Theorem (B. Greenfeld (2020))
R is countably coverable.

Sketch of proof:
Let S = {xi}i∈I be a transcendence basis for C over Q.
So, S is uncountable and the xi are algebraically independent over Q.
Let S0 = {x1, x2, . . .} be a countably infinite subset of S.
For each i ∈ Z+, let Fi ⫋ C be the algebraic closure of Q(S \ {xi}).
Show that C =

⋃∞
i=1 Fi and R =

⋃∞
i=1(Fi ∩ R).

Thus, both C and R are countably coverable.
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Commutative Rings and Domains

Theorem (O.-W. 2022)
Let D be a commutative domain (possibly without unity) that is not singly
generated. Then, D is countably coverable.

Corollary (O.-W. 2022)
Let R be a commutative ring with unity.
If R is Noetherian and not singly generated, then R is countably coverable.

Proof.

Lemma (G. Oman 2014): If R is an infinite unital Noetherian ring, then
there exists a prime P of R such that |R| = |R/P|.
For the corollary, if R is countable then it is countably coverable.
So, assume that R is uncountable. Then, for some prime P, R/P is
uncountable, hence not singly generated.
By the Theorem, R/P is countably coverable.
Lifting covers from R/P to R shows that R is countably coverable.
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Ring Constructions that Preserve Countably Coverability

Theorem (O.-W. 2022)
Let R be a commutative ring with unity that is countably coverable.

Then, the following rings are also countably coverable.

1. R × S, for any ring S

2. The polynomial ring R[x ]

3. The formal power series ring R[[x ]]

4. The matrix ring Mn(R)
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A Closing Open Question

Open Question
Is every coverable commutative ring with unity countably coverable?

Necessary Conditions for R to not be countably coverable
Suppose R is a commutative ring with unity that is not singly generated, but not
countably coverable.

Then, R must satisfy all of the following properties.
1. R is not a domain

2. R is non-Noetherian

3. For every prime P of R, R/P is singly generated

4. All residue fields of R are finite

5. If R has positive characteristic, then R has Krull dimension zero

6. If R has characteristic zero, then R has Krull dimension one
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THANK YOU!
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